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Abstract. We factor the virtual Poincare polynomial of every homogeneous space G/ H, 
where G is a complex connected linear algebraic group and H is an algebraic subgroup, 
as t^^{t^ — ^YQc/Hit^) for a- polynomial Qq/h with non-negative integer coefficients. 
Moreover, we show that Qg/h{^^) divides the virtual Poincare polynomial of every regular 
embedding of G/ H, if H is connected. 



Introduction and statement of the results 

One associates to every complex algebraic variety X (possibly singular, or reducible) its 
virtual Poincare polynomial Pxit), uniquely determined by the following properties: 

(i) (additivity) Px{t) = -fV(i) + Px-Y{t) for every closed subvariety Y. 

(ii) If X is smooth and complete, then Pxit) = -^"^ i-^) ^"^ usual Poincare 
polynomial. 

Then Px{t) = Pvit) Ppit) for every fibration F ^ X ^ Y which is locally trivial for the 
Zariski topology. 

Specifically, we have 

Pxit) = J^(-iy+-dimgr^^(i/^(X)) t-, 

where gvy^iHliX)) denotes the m-th subquotient of the weight filtration on the j-th coho- 
mology group of X with compact supports and complex coefficients (see |11] 4.5 and Q). 
More generally, the mixed Hodge structure on H*{X) yields a polynomial Exis,t) in two 
variables, satisfying the same properties of additivity and multiplicativity, and such that 
Px{t) = Ex{-t, -t) (see § and @ §3 for more details). 

In this paper, we investigate the i?-polynomials of homogeneous spaces under linear 
algebraic groups, and of their regular embeddings in the sense of It turns out that 
these polynomials behave much better than the usual Poincare polynomials; the latter are 
generally unknown for homogeneous spaces. To state our main results, we introduce the 
following notation. 

Let G be a complex connected linear algebraic group and let H he a, closed subgroup. 
Let th (resp. uh) be the rank (resp. the dimension of a maximal unipotent subgroup) of 
H, and define similarly re, uq- Choose maximal reductive subgroups H'^'^'^ C H, G^^^ C G 
such that H""^ C G'""^, and maximal tori Th C H'""^, Tg = T Q G'""^ such that Th Q T; 
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let Wh, Wg = W he the corresponding Weyl groups. The Lie algebras of G, H,. . . will be 
denoted g, f), . . . 

The group Wh acts on the Lie algebra tn and on its ring of polynomial functions, 
C[tif] = R{Th)- The invariant subring C[ti^]^^ = R{H) is a finitely generated, graded 
algebra over C, isomorphic to C[f)''*^'^]^"'' . Its Hilbert series X]^=o -^(-^)'" 
expansion of a rational function of t, denoted Fnit). 

Since G is connected, R{G) is a polynomial ring, and there exists a graded subspace 7i 
of R{T) such that the multiplication map induces an isomorphism of R{G) (g) H onto R{T). 
Moreover, 7i is isomorphic to the cohomology space of the flag variety J^{G), with complex 
coefficients. This isomorphism doubles degrees, and the Hodge structure on H*{J-{G)) is 
pure. Therefore, the Poincare polynomial Pt{g) is even, and we have 

ET{G){s,t) = P^^G){{st)'^^) and ^^^^ = Frit) = FG{t)P:r^G){t'^^)- 
Moreover, we have 

P^^G){q'^') = \HG){¥,)\ 

for every finite field Fg with q elements. Here \ J^{G){¥q)\ denotes the number of points over 
¥q of J-'{G) regarded as the flag variety of the split Z-form of G^^. 

Our first main result generalizes this to an arbitrary homogeneous space G/H, with some 
twists. Notice that both G and its closed subgroup H are defined over a finitely generated 
subring of C, so that {G/H){¥q) makes sense for a large power g of a large prime number. 

Theorem 1. (a) With preceding notation, the virtual Poincare polynomial Pg/h is even, 
and we have 

EG/H{s,t) = PG/H{{stf''') and Fnit) = FG(t) t'^'^^'^'") PG/nr^''')- 
Moreover, we have for all large q: 

\{G/H){¥q)\=PG/H{q"'). 
(h) There exists a polynomial Qg/h with non-negative integer coefficients, such that 

Moreover, 

The degree of Qg/h equals dimjr(G) — dim. J^{H^), with leading coefficient 1, and Qg/h{^) 
equals 

(c) If H is connected, then 

^G/i^(*)-p^^^^(^l/2) =* ' >QG/H{t ). 

In particular, Qg /h (0) = 1 • 
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It follows that ug — uh, — ru and Qg/h depend only on the complex algebraic variety 
G/H (in fact, — \s a. topological invariant, see ^ 4.3). 

As another consequence, the Poincare polynomial of the flag variety of a semi-simple 
group is divisible by the Poincare polynomial of the flag variety of every semi-simple sub- 
group, and the quotient has non-negative coefficients. 

Theorem |l| is proved in Section 1 by arguments of equivariant cohomology ; it would be 
interesting to deduce it from a deeper motivic result. Notice that (a) can be deduced from 
the fibration 

G/H BH BG, 

where BH (resp. BG) denotes the classifying space of H (resp. G); then the cohomology 
ring of BH is isomorphic to R{H) with degrees doubled, so that the Poincare series of BH 
is Fuit^)- If moreover H is connected, then 

as follows from Q Theorem 6.1 (ii); and a similar relation holds for \{G / H){¥ q)\, by Lang's 
theorem. 

So the main point of Theorem |^ is (b), especially the non- negativity of coefficients of 
Qg/h- We deduce it (together with (a) and (c)) from a geometric construction that may be 
of independent interest. In loose words, we obtain a locally trivial fibration (for the Zariski 
topology) 

S G/H Z 

where 5 is a torus of dimension re — rn, and Z is an algebraic variety satisfying Poincare 
duality and whose cohomology is purely algebraic (see Lemmas ^ and ^ for a precise state- 
ment). Thus, EG/H{s,t) = {I- stYG-^HEz{s,t), and Ezis,t) is the value at (st)^/^ of ^j^g 
Poincare polynomial of H*{Z). In the case where G and H have the same rank, it follows 
that PG/H{t) is the Poincare polynomial of H*{G / H). 

Next we turn to the E'-polynomials of regular embeddings. Recall from Q that a regular 
embedding of G/H is a smooth complex algebraic variety X endowed with an algebraic 
action of G, such that: 

(i) X contains an open orbit isomorphic to G/H. 

(ii) The complement of this open orbit is a union of smooth irreducible divisors (the bound- 
ary divisors), with normal crossings. 

(iii) Every orbit closure is a partial intersection of the boundary divisors, and its normal 
bundle contains an open orbit. 

Recall also that those homogeneous spaces under a connected reductive group G which 
admit a complete regular embedding are exactly the spherical homogeneous spaces, i.e., 
those where a Borel subgroup of G acts with an open orbit. 

Since every regular embedding X contains only finitely many orbits, we have 

Ex{s,t) = Pxiist)'/') 
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by Theorem || and additivity. Therefore, it suffices to consider the virtual Poincare poly- 
nomial Px- Our second main result yields a factorization of that polynomial: 

Theorem 2. Let X he a regular embedding of G/H , where H is connected. Then, for 
every orbit G/H' in X, the polynomial Qc/Hit) divides Qc/H'it), o,nd the quotient has 
non-negative integer coefficients. 

As a consequence, there exists a polynomial Rxit) with integer coefficients, such that 

Px{t^'^)=QGIHmx{t). 
If moreover X is complete, then the coefficients of Rx{t) are non-negative. 

The assumption that H is connected cannot be suppressed, as shown by an example at 
the end of Section 2. This section is devoted to the proof of Theorem 2. Again, the main 
point is the non- negativity of coefficients of Rxit); for this, we show that the equivariant 
cohomology ring of X is a free module of finite rank over a polynomial subring generated by 
R{H) and indeterminates of degree 2. It would be interesting to obtain a topological inter- 
pretation of the polynomial Rxit). However, the factorization Pxit^^"^) = QQ/Hit)Rxit) 
does not originate in a fibration with total space X, as shown by the following simple 
example. 

Consider the complex projective space X = p2m+i Qf q^jj dimension, where the projective 
special orthogonal group G = 50(2m + 2)/{ibl} acts linearly. Then X consists of 2 
orbits: the quadric Q^™, and its complement with isotropy group H = 0(2m -|- l)/{ibl} = 
5'0(2m-M), a connected subgroup; one checks that X is a regular completion of G/H. We 
have 

Pc/Hit'/') = Pp-.+i(tl/2) - PQ2™(tl/2) = - 1), 

so that Qc/Hit) = t"" + t™"^ H h 1 and that Rxit) = + 1. How to explain the 

factorization 

in topological terms ? 

Notice that the complex projective space P^™" of even dimension is a regular completion 
of the homogeneous space 50(2m -|- l)/0(2m) (where 0(2m) is not connected) by the 
quadric Q^^""!; this yields Qso{2m+i)/0{2m)ii) = 1- 

These are examples of complete symmetric varieties. In fact, the Poincare polynomials 
of all such varieties were determined by De Concini and Springer (see Q ) who deduced the 
virtual Poincare polynomials of adjoint symmetric spaces. Their results were the starting 
point for the present work, as the factorizations of Theorems 1 and 2 can be seen on 
examples of 

For instance, by Theorem 2, the virtual Poincare polynomial of any regular embeding 
X of a connected reductive group G (viewed as a homogeneous space under the action of 
G X G by left and right multiphcation) is divisible by Qcit^) = Pj^{G)i^'^)- When G is 
semi-simple adjoint and X is its canonical completion, this agrees with the closed formula 
for Pxit) given in |^] p. 96. 
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1. Proof of Theorem 1 

In what follows, we use 
for algebraic groups. 

We begin with an easy reduction to the case where both groups G and H are reductive. 
Let Ru{H) be the unipotent radical of H. This unipotent group is isomorphic, as an 
algebraic variety, to some C". Since H is the semi-direct product of Ru{H) with H^'^'^, we 
have u = uh — u^rcd. The quotient map G ^ G/H factors through 

p : G/H'^'^ ^ G/H, 

a fibration with fiber RuiH) ^ C". Thus, the pullback map H*{G/W'^) H*{G/H) is 
an isomorphism of mixed Hodge structures. By Poincare duality, it follows that 

EG/HMs,t) = {str EG/H{s,t). 

We now show that 

\{G/H^^''){¥,)\=q^\{G/H)i¥,)\ 

for q such that H^'^'^ is defined over ¥q and that H is the semidirect product of Ru{H) with 
H^^'^ over ¥q. This follows from Grothendieck's trace formula; as an alternative proof using 
elementary arguments of Galois descent, we check that 

vr : (G/F-'i)(F,) - iG/H){¥q) 

is surjective with all fibers of order q^. We denote Fr^ the Probenius endomorphism of 
G(¥g), with fixed point subgroup G{¥q). 

Let X G G(F^) such that xH G {G/H){¥q). Then x''^ Prg(x) G H(¥^). Thus, we can write 
x~^ Prg(x) = yz where y G Ru{H){¥^) and z G H'^^^iW^). Since Ru{H){¥^) is connected and 
invariant under Int(2;)oPrg, there exists h G Ru{H){¥q) such that y = hz Fvq{h~^)z~^ . Thus, 
x~^Frq{x) = hzFiq{h^^). Replacing x by xh, we may assume that x~^FTq{x) G H^^'^{¥q). 
This proves the surjectivity of vr. 

Let now x,y G G{Tq) such that xH'^'^ ,yH''"^ G {G / H'""^){¥q) and that y G xH. We 
may assume that y = xz where z G Ru{H){¥q). Then H'''"^{¥q) contains x"^Pr,(x) and 
y^^Frq{y) = z^^x~^ FTq{x)Fvq{z). Since H^^'^{¥q) normalizes Ru{H){¥q) and their inter- 
section is trivial, it follows that z^^x~^ FT:q{x)Fiq{z)FT:q{x~^)x = 1. Therefore, xzx~^ G 
{xRuiH)x-^){¥q), and xRu{H) X ^ is a Prg-stable connected unipotent group of dimension 
u. So every fiber of vr has order q^. 

Therefore, if Theorem |l| holds for G/H'^^'^, then it holds for G/H, and 

QG/H'"''i{^) = QG/H{t)- 
So we may assume that H = H^^'^. Then, using the fibration 

G/H ^ G/Ru{G)H ^ G''"^/H'^'^ 
with fiber Ru{G), one reduces similarly to the case where G = C'^'^. 

We assume from now on that G and H are reductive; as a consequence, G/H is affine. 



IC] as a general reference for mixed Hodge structure, and |15] 
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Lemma 3. The following conditions are equivalent for a subtorus S ofT, with Lie algebra 
5 C t; 

(i) All isotropy subgroups of S acting on G/H are finite, and S is maximal for this property, 
(a) s © wIh = i for all w £ W. 

As a consequence, there exist subtori S satisfying (i), and all of them have dimension 
tg — fH- Moreover, the double coset space S\G/H is an affine algebraic variety, with at 
worst quotient singularities by finite abelian groups. 

Proof. Let g £ G, then the finiteness of the isotropy group of gH in S is equivalent to: 
s n Ad(g)[) = 0. As there are only finitely many isotropy groups for a torus action on an 
algebraic variety, the finiteness of all isotropy groups for the 5-action on G/H is equivalent 
to: sn Ad(G)f) = 0. Since 

s n Ad(G)[) = 5 n (t n Ad(G)tH) = 5 n Win, 

this amounts to: s Pi win = {0} for all w € W . 

Now t has a VF-invariant rational structure, defined by the lattice of differentials at 1 of 
one-parameter subgroups of T; the rational subspaces are exactly the Lie algebras of subtori. 
Moreover, any rational subspace s intersecting trivially all subspaces win is contained in a 
rational complement to all these subspaces. This proves equivalence of conditions (i) and 

(ii) , and the assertion on existence of subtori S and their dimension. For any such subtorus 
S, all orbits in the affine variety G/H are closed, and the isotropy groups are finite abelian 
groups. This implies the latter assertion. □ 

Remark. Lemma |^ extends to arbitrary homogeneous spaces G/H, except for the assertion 
that S\G/H is an affine algebraic variety. In fact, the quotient space S\G/H may well 
be non-separated if G/H is not affine. For example, let G = SL(2) and let H be its 
standard unipotent subgroup. The diagonal torus D = C* oi G acts on G/H = — {0} 
by t ■ {x, y) = {tx, t~^y). All isotropy groups are trivial, but the quotient space is a classical 
example of a non-separated scheme : the affine line with its origin doubled. 

Next choose a subtorus S" of T satisfying the conditions of Lemma |^ and let 

Z = S\G/H 

with quotient map / : G/H Z. Then there exists a decomposition of Z into finitely 
many disjoint, locally closed subvarieties Zj [j G J), together with finite subgroups Fj 
{j £ J) of S, such that every f~^{Zj) is equivariantly isomorphic to S/Fj x Zj. Since S/Fj 
is a torus of dimension re — rn, we have Eg/p.{s,t) = {st — lyG-rn ^ whence 

EG/His,t) = ist-lYo-'"Ezis,t). 

Likewise, we have for all large q: 

|(G/i7)(F,)| = (g-ip--|Z(F,)|. 

Since Z has at worst finite quotient singularities, it satisfies Poincare duality over C. As a 
consequence, each closed algebraic subvariety of codimension (say) r in Z has a cohomology 
class in H'^'^{Z). This yields the (degree doubling) cycle map 

cl : A*{Z) H*{Z), 
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where the left hand side is the Chow group of Z, graded by codimension (see |12| Chapter 
19). 

Lemma 4. With preceding notation, cl is an isomorphism over C. Moreover, the graded 
ring H*{Z) is isomorphic to R{S) <S)r(g) and the usual Poincare polynomial of Z 

equals 

Fs{t^)FH{t^) ^ Fnit^) 

Fcit^) {l-t^yo-rHFcit^)- 

Proof. We use equivariant cohomology, see e.g. |jl3|. Consider the action of T on G/H, 
then the equivariant cohomology ring H^{G/H) is clearly isomorphic to H^{G /T). Since 
H^{G/T) = H*{BT) = R{T) is a free module of rank \W\ over H*(.{pt) = H*{BG) = R{G), 
the Eilenberg-Moore spectral sequence (see lO] III. 2) yields an isomorphism 



HUG/T) - H*{BH) (S)HHBG) H*g{G/T), 

that is, 

H^iG/H)^R{T) (S)R^G)RiH). 

This is a commutative, positively graded algebra, finite and free of rank \ W\ over its subring 
R{H). The latter is a Cohen-Macaulay ring of dimension rn- Thus, the ring H^{G/ H) is 
Cohen-Macaulay of dimension rn as well, with Poincare series 

FT{t')FH{t^) _ Fnjt^) 

Fcit^) {l-t^yoFcit^)' 
Since the subtorus S T acts on G/H with finite isotropy groups, we have 

H^{G/H) - H*T/s{S\G/H) - H*^/siZ). 

This is a finitely generated module over H^^g{pt) = R{T/S). But T/S is a torus of 
dimension r//, so that R(T/S) is a polynomial ring in rn variables. Since H^{G/H) is 
Cohen-Macaulay of dimension rn and finite over R(T/S), it is a free module over that 
ring, by the Auslander-Buchsbaum formula (see 19.3). By the Eilenberg-Moore spectral 
sequence again, it follows that the canonical map 

C^niT/s)H*/siZ)^H*iZ) 

is an isomorphism. Therefore, we have 

H*{Z) ^ C ^R(^T/s) R{T) ®R(G) R{H). 

But C 0^(7^/5) ii(r) ^ R{S); thus, we obtain H*{Z) ^ R{S)'E)ji^G)RiH). Moreover, H*{Z) 
is the quotient of H^^g{Z) by a regular sequence consisting of rn homogeneous elements 
of degree 2. Therefore, the usual Poincare polynomial of Z equals 

_ .2y„ FT{t')FH{t^) ^ FH{t') 

^ ^ Fcit^) {l-t^yo-rnFait^y 

It remains to compare cohomology of Z with its Chow group. For this, we use equi- 
variant intersection theory, see |^] and also The equivariant Chow group with complex 
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coefficients (graded by codimension) A^{G / H)^ is again isomorphic to R(T) <Sir(^g) -^(-f^)) 
by IQ] Corollary 12. Moreover, for any scheme X with an action of T, the natural map 

R{S) AUX)c ^ A*s{X)c 

is an isomorphism (to see this, one reduces to the case where the quotient X — > X/T exists 
and is a principal T-bundle, and one argues as in Q, p. 17). As a consequence, the map 

RiS) R{H)^AUG/H)c 

is an isomorphism; it follows that the cycle map 

cl : AUG/H)c ^ H:s{G/H) = H*{Z) 

defined in [| 2.8, is an isomorphism as weh. Finally, A*g{G/H)c = A*{S\G/H)c = A*{Z)c 
by 1^] Proposition 4 and Theorem 4. □ 

Remark. By Lemma the Betti numbers of Z = S\G/H are independent of the choice of 
S. But the algebra structure of H*{Z) may depend on S, as shown by the example where 
H = SL(2) X SL(2) is embedded diagonally in H x H = G. Furthermore, there may exist no 
subtorus S acting on G/H with finite constant isotropy groups; this happens, for instance, 
if G = SL(3) audi? = S0(3). 

As a final preparation for the proof of Theorem 1, we need the following easy result of 
invariant theory. 

Lemma 5. We have 

lim{l- ty^Fnit) ^ 



' " \Wh\' 

Moroever, the degree of the rational function Ff{{t) is at most — dim J^{H^), with equality 
if H is connected. 

Proof. The former assertion is a (well-known) consequence of Molien's formula for the 
invariant ring R{H) = C[tH]^"- 

1 ^p 1 

For the latter assertion, recall that R{H^) is a graded polynomial ring with homogeneous 
generators of degrees di < ■ ■ ■ < dr, where r = rn- Thus, the degree of Ffjo{t) is — di — 
■ ■ ■ — dr = — iiiv[iT{H^). Moreover, denoting F the finite group H/H^, we have an exact 
sequence 

1 ^ Who ^Wh ^1. 
Thus, F acts on R{H^) with invariant subring R{H). Since R{H^) is a graded polynomial 
ring, it contains a graded F-stable subspace V such that the map Sym(y) — > R{H^) is an 
isomorphism. It follows that V decomposes as a direct sum of homogeneous components 
Vfi ; the increasing sequence of their degrees (with multiplicities given by the dimensions of 
the Vd) is the same as (di, . . . , dr). Now 

1 ^-^ 1 



r|:f^nddety,(i-tV^) 
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is a sum of rational functions of the same degree, equal to —di — --- — dr = — dim J^{H^). □ 

We can now complete the proof of Theorem 1. By Lemma ^, the cohomology of Z 
vanishes in all odd degrees, and every space H'^^{Z) is generated by algebraic classes. 
Thus, the Hodge structure on that space is pure of type (m, m), and the same holds for the 
dual space In other words, 

Ez{s,t) = ^dim H^'^'iZ) (st)™. 

m 

Using Poincare duality and Lemma it follows that 



(l_(st)-l)rG-rHi7^((>,t)-l)' 

so that 

On the other hand, we have 

\Zi¥,)\=Y,dimH!^{Z) q^. 

m 

For, by Grothendieck's trace formula [0], one has 

\Z{¥,)\ = j;(-irTr(Fr„i?r(%,,QO) 

m 

the equality, for large q, then follows from the proper base change theorem and the fact 
that the cycle class map is an isomorphism, (alternatively, one may show directly that 

by arguments of Galois descent). This implies (a). Taking degrees in the equality of rational 
functions 

and using Lemma ||, we obtain that Pg/h{^^Z'^) is divisible by 

^dim(G//i')-dim:P'(G)+dimj^(_H") _ ^uq-uh 

Thus, we can write Pc/Hit^^'^) = ^'^"""(t - lY'^~''"QG/H{t) for a polynomial Qc/Hit) 
with integer coefficients. Since Pz{t) = t"'^~"^(5G/// these coefficients are non- negative. 
Moreover, Lemma ^ implies that Qc/ni^) = \wh\ ' 

For any irreducible variety X, the degree of Px{t) is 2dim(X), with leading coefficient 
1. It follows that the degree of Qc/Hi't) is dimJ^(G) — dim^(i?'^), with leading coefficient 
1. This completes the proof of (b). Finally, (c) follows from (a), (b) and Poincare duality 
for T{G) and T{H). 
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2. Proof of Theorem 2 

Let Y be an orbit in X. Replacing X by the union of all orbits whose closure contains 
Y (an open G-invariant subset of X), we may assume that Y is closed in X. Then Y is the 
transversal intersection of boundary divisors, say Xi, . . . ,Xr. Choose x (z Y and denote 
by H' its isotropy subgroup. Then H' acts on the normal space to Y at x; this action 
is diagonalizable and given by r linearly independent characters, see This defines a 
surjective group homomorphism H' (C*)^, whence an exact sequence 

l^K ^ H' ^ {C*Y 1 

where K is the kernel of the i/'-action on the normal space. Let K'^'^'^ be a maximal 
reductive subgroup of K. 

We claim that K'^'^'^ is contained in a conjugate of H. To check this, consider the linear 
action on K'^^'^ on the tangent space TxX and choose a i^'''^'^-invariant complement to 
the Ar'''^'^-invariant subspace T^Y; by construction, /C*^'^ fixes N pointwise. Then we can 
choose a i^'''^'^-invariant subvariety Z of X, such that Z is smooth at x and that T^Z = N. 
Therefore, /C*''^ fixes pointwise a neighborhood of x in Z, and this neighborhood meets the 
open orbit G/H. 

Thus, we may assume that K'^^'^ is contained in H. Since H is connected, we can apply 
§ Theorem 6.1 (ii) to the fibration G/K''''^ G/H with fiber H/K""^, to obtain 

Together with Theorem |l|, it follows that 

Qc/Kif) = QG/H{t)QH/K'"''^if)- 

On the other hand, the right action of H' /K = {C*Y on G/K defines a principal (C*)''- 
bundle G/K — > G/H'. All such bundles are locally trivial, whence Pc/Ki't) = (^^ — 
lyPG/H'it), and 

Qc/Kit) = QG/H'{t)- 

So, Qc/Hif) divides Qc/wit) and the quotient has non-negative coefficients. 

By additivity, it follows that QG/nit) divides Pxit^^"^) ', the quotient is an even polyno- 
mial, Rx{t). Since Qg/h{^) = 1) the coefficients of Rx{t) are integers. However, their non- 
negativity for complete X is not an obvious fact, because of the factor t'^G-^H' (^f _ lya-rni 
in each Pg/H'{^^^'^)- For this reason, we shall present an alternative proof of the existence 
of Rx (t) , which will also yield this non-negativity property. 

We begin by relating the virtual Poincare polynomial Pxit) to equivariant cohomology 
of X. If y is a Z-graded complex vector space such that every homogeneous component 
Vm is finite dimensional, let Fv{t) = Ylm=-oo dim(ym) t"^ be its Poincare series. If X is a 
variety where G acts algebraically, then Hq{X) is a finitely generated, graded module over 
H*{BG) = R{G). As a consequence, the series FH^(x)i't) is the expansion of a rational 
function, for which we use the same notation. 

Lemma 6. For every regular embedding X, the rational function Fjj*^^x)it) is even, and 

FH*^ix){t'h = Fait) t^'^'-^^Pxit-'/'). 
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Proof. In the case where X = G/H is a unique orbit, we have Hq{X) = H*{BH) = R{H), 
whence = FH{t^)- So the assertion follows from Theorem 1. 

In the general case, choose a closed orbit Y m. X, of co dimension r, with complement U . 
The inclusion map i : y — > X defines a Gysin morphism 

u:H*GiY)^H*G{X), 

of degree 2r. By |p, this map and the restriction map Hq(X) Hq{U) fit into a short 
exact sequence 

^ H*a{Y) ^ H*a{X) - H*a{U) - 0. 

It follows that 

= i^""^//* (y)(0 + ^H* ([/)(*)■ 
Since Px = Py + > our assertion follows by induction. □ 

Remark. Lemma |6| admits a simpler formulation in terms of equivariant Borel-Moore 
homology Hf{X), as defined in Indeed, by Poincare duality, the rational function 
FfjG(x){t) is even, and 

FHa(x){t'^')=FG{t-^)Px{t^/\ 

In fact this holds, more generally, for every variety X where G acts with finitely many 
orbits. 

Next let Xi,... ,Xn be the boundary divisors of the regular embedding X, and let 
zi, . . . ,Zn € Hq{X) be their equivariant cohomology classes. In the ring Hq{X), consider 
the ideal Ix of Hq{X) generated by zi, . . . , Zn, and the ideal Jx, kernel of the restriction 
map 

p:H*G{X)^H*a{G/H)^R{H). 

Clearly, Ix is contained in Jx, and the latter ideal is prime. Moreover, p is surjective by 
so that we have an exact sequence 

O^Jx^ H*g{X) ^ R{H) ^ 0. 

Examples show that Ix may differ from Jx', but these ideals are closely related, as shown 
by the following result. 

Lemma 7. We have Jj^ ^ Ix, where N denotes the number of G- orbits in X. 

Proof. We argue by induction on A^. If = 1, then X = G/H so that both Ix and Jx are 
trivial. In the general case, we use the notation of the proof of Lemma The (surjective) 
restriction map Hq{X) — > Hq{U) sends Ix (resp. Jx) onto lu (resp. Ju). 

Let a € Jx- Since J^^ ^ C /[/ by the induction assumption, we may assume that 

a = lifP 
for some (3 € IIq(Y). Now we have in Hq(X): 

a"^" = (i*/?) U {i^f3) =i^{(3U i*i^0) = U i*i^l) = (i*/?^) U (i^l). 
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by the projection formula. Moreover, i^l is the equivariant cohomology class of Y in 
X. Since y is a transversal intersection of r boundary divisors, say Xi, . . . ,Xr, we have 
i*l = zi ■ ■ ■ Zr & Ix, and a G Ix as well. □ 

Since H is connected, R{H) is a graded polynomial ring, so that we can choose a graded 
subalgebra R of Hq{X) that restricts isomorphically to H^{G/H) = R{H) via p. 

Lemma 8. Hq{X) is finite over its subring generated by R and zi, . . . , Zn . 

Proof. Since the algebra Hq{X) is positively graded, it suffices to prove that the quotient 

H*a(X)/{zi,... ,Zn) = HUX)/Ix 

is a finitely generated i?-module. By Lemma ^, Hq{X) / Ix is a quotient of Hq[X)/ J"^ for 
some positive integer m. Consider the finite filtration of Hq{X)/J'^ by the powers of the 
image of Jx, and notice that all the subquotients J^Hq{X) / Hq{X) are finite modules 
over Hq{X)/Jx = R{H). Since the latter is isomorphic to i?, the assertion follows. □ 

We now need the following variant of the Noether normalization theorem. 

Lemma 9. Let A be a finitely generated, positively graded algebra over an infinite field k. 

Let yi, . . . , ym be homogeneous, algebraically independent elements of A and let zi, . . . ,Zn 

be homogeneous elements of degree 1, such that A is finite over its subalgebra generated by 

UIt ■ ■ ) Urm zi, . . . ,Zn- Then there exist a non-negative integer n' and homogeneous elements 

y'li--- ,y'miZi^--- 1 z'n' ^ -^^c/i that: 

(i) y'i-Vi^ k[zi, . . . , Zn] for I < i < m. 

(a) z[, . . . , z'^, are linear combinations of zi, . . . , Zn- 

(Hi) y'l, ■ ■ ■ , y'm, z'l, . . . ,z'^i are algebraically independent, and A is finite over the subring 
that they generate. 

Proof. The argument is similar to that of the classical Noether normalization theorem, 
see 13.1; we present it for completeness. We argue by induction on n, the case where 
n = being trivial. In the general case, we may assume that yi, . . . ,ym,zi, . . . ,Zn are 
algebraically dependent, and we choose a polynomial relation 

P{yi, ... ,ym,zi,... ,Zn) = 0. 

We may assume that this relation is homogeneous and involves z„. Let di, . . . ,dm be the 
degrees of yi, . . . , ym- Define y[, . . . ,ym,z[,... , z'^_^ by 

yi = y'- + aiZn\ Zj = z'j + bjZn 

where ai, . . . , am, bi, . . . , bn-i are in k. Then 

P{y[ +aiZ^\... ,y'^ + OmZ't" ,z[ +biZn,... ,^^.-1 +bn-lZn,Zn) = 0. 

Regarding the right-hand side as a polynomial in Zn, the coefficient of the leading term 
equals P{ai, ... , a^, &i, • • • , bn-i, 1). Since k is infinite and by our assumptions on P, we 
may choose ai, . . . , Om, ^i, • • • , &n-i so that this coefficient is non-zero. Then z„ is integral 
over the subring A' of A generated by y'l, . . . ,y'm and zJ, . . . , z'^_]^. We conclude by the 
induction assumption for A' . □ 
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We can now show that Qc/iiit) divides Pxit^^"^)- Apply Lemma ^ to the algebra Hq{X) 
and to homogeneous, algebraically independent generators of its polynomial subalgebra R; 
then we obtain another polynomial subalgebra R' (restricting isomorphically to R{H)) and 
linear combinations z[, . . . , z^, of zi, . . . , ,Zn, such that Hq{X) is finite over its polynomial 
subring R'[z'i, . . . , z'^,]. Let f{t) be the associated Hilbert polynomial, then 

p (.1/2. _ FH{t)f{t) 

Moreeover, /(I) is the rank of the ,z^/]-module Hq{X), a positive integer. On 

the other hand, we have by Lemma ^: 

FH-^^X){t'/') = Fait) tdim(G/H)p_^(,-l/2^ 

and, by Theorem |l|: 

Fnit) = Fait) t^MG/H)-uG+u„ ^^-i _ lyo-rn Q^^^^t-iy 

This yields 

Since /(l)QG//i'(l) Oi '^^ must have tq — — n' > 0; and since Qg/h{^) = the 
Laurent polynomial +«g-"h^^_ lya-rH-n f(^t~^) must be a polynomial. Thus, QG/H{t) 
divides Px{t^''^)- 

If moreover X is complete, then the i?(G)-module Hq{X) is free by Thus, the ring 
Hq(X) is Cohen-Macaulay of dimension r^. Since this ring is finite over R'[z[, . . . ,z'^,], a 
polynomial subring, Hq{X) is a free module over that subring, and we have = fn + n' . 
Therefore, the Hilbert polynomial f{t) has non-negative coefficients, so that the same holds 
for the polynomial 



Qc/Hit)' 



Example. We show that Theorem 2 does not extend to all homogeneous spaces G/H. 
Let G = SL(2) x SL(2) with maximal torus T = D x D, where D denotes the diagonal 

torus of SL(2). Let ''^ ~ (^^-^ ' then the element {n,n) of G normalizes T. Let H 

be the subgroup of G generated by T and by {n,n). The homogeneous space G/H is 
spherical, and we have Th = T. Denoting by x, y the obvious coordinates on t, one obtains 
R{G) = C[x'^,y^] and R{H) = C[x^,xy,y'^], whence 

^Git) = (f^^' ^H{t) = J^^^, PG/H{t"^) =t^ + t' and Qc/Hit) = l + t\ 

We now construct a regular completion X of G/H, such that Px{t^^^) is not divisible by 
Qa/nit)- Consider the variety y = x x x where G acts by [gi, g2){a,h,c,d) = 
{gio-, 9ib, g2C, g2d). Then y is a regular embedding of G/T. Moreover, the right action of 
(n, n) on G/T extends to the involution a of Y, defined by a{a,b,c,d) = {b,a,d,c). The 
fixed point subset Y"^ is the closed G-orbit, diag(P^) x diag(P^). Since the actions of G 
and a commute, G acts on the quotient Y/a. The latter is singular along the image Z of 
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Y'^; the normal space to Y/a at every point of Z is isomorphic to the quotient of by 
the involution {s,t) i-^- (— s, —t). Thus, blowing up Z along Y/a yields a smooth projective 
embedding X of G/H. 

One may check that X is regular and that Px{t^^^) = + + 6*^ + 3t + 1, which is 
prime to Qa/ni^') = + 1- One may also check that Qc/H'i't) equals t + 1 oi {t + 1)^ for 
the other orbits; thus, Qc/Hii) is prime to all other Qc/H'it)- 
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